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Quantum oscillations and Fermi surfaces of Sn- and
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Recgived 22 December 1992, in final form 23 December 1993

Abstract. The Fermi surfaces of bismuth single-crystal samples doped with tin and lead have
been investigated by means of the techniques of ultrasonic quantum oscillations (UQ0) and
Shubnikov-de Haas (sdH) oscillations, Experitnents were carried out in the temperature range
1.2-4.2 K using longitudinal ultrasonic waves of frequencies up to 70 MHz and in magnetic
fields up to 2.3 T. The excess hole densities of single-crystal samples obtained from the analysis
of uQo and soH oscillations data, residual resistivity ratio (RRR) and Hall-effect measurements
are in the range of 3 x 102 to 1.4 x 10% m~2, The Fermi-surface geometry of camiers was
determined from the angular dependence of the periods of UQo and $d8 oscillations. The major
effect of doping of bismuth with Sn {(or Pb) is to decrease the Fermi energy, On increasing the
amount of doping, the pockets in the L-point conduction band became progressively smaller,
Farther increase of the dopant concentration leads to the disappearance of the L-electron pockets
and the appearance of L holes. The experimental results have shown that the Fermi surfaces
of acceptor-doped bismath erystals are similar to those of pure bismuth ang that the L, valence
band is the mirror image of the L. conduction band,

1. Introduction

The electronic and transport properties of bismuth are very sensitive to impurities because of
its low intrinsic carrier concentration (2.7 x 102 m~* at 4.2 K). Tin and lead behave like an
acceptor in Bi and affect its transport properties. In tin- or lead-doped Bi with concentrations
up to 0.1 at. %, the quantum oscillatory effects have been studied [1-9] and the results have
been interpreted within the framework of the rigid-band model. However, the geometry of
the Fermi surface of doped Bi could not be determined since detailed measurements were not
available. There are only a few ultrasonic quantum oscillations (UQO) studies in Sn-doped
Bi [7-9]. Giura et af [8,9] observed magnetoacoustic oscillations only in a single crystal
of Bi doped with Sn concentration of 4.5 x 10%° m™2 and proposed that these oscillations
arose from a new hole band existing in the forbidden energy band gap, in addition to the
T-point hole band. They also discussed the shape and symmetry of these new hole pockets.

In the present work, the band structure of Sn- and Pb-doped Bi single crystals with
concentrations up to 0.1 at.% have been investigated by means of UQQ and Shubnikov-de
Haas (SdH) osciliations technique. Since the magnetoresistance of these samples saturates at
progressively lower magnetic fields with increasing impurity concentration, it is difficult to
observe the SdH oscillations in a magnetic field up to 2.3 T. Therefore, the SdH oscillations
technique could not be solely employed to investigate these materials. The experimental data
are discussed on the basis of the rigid-band model, which assumes that the electronic energy
band structure remains quantitatively unchanged by doping at acceptor concentrations below
0.1 at.%. The Fermi-surface parameters have been determined from the angular dependence
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of measured periods of the UQO and SdH oscillations in the framework of the Lax ellipsoidal
non-parabolic (EnP) model [10] for the L-point electrons and the L-point holes.

2. Theory

2.1. The Fermi surface and band structure of Bi

The electron Fermi surface of Bi consists of three identical ellipsoids at the L points of the
Brillouin zone denoted by a {principal ellipsoid), b and ¢. The principal axis of each of
these ellipsoids coincides with the binary axis of the crystal; the other two axes are tilted
from the trigonal plane by an angle of about 6°. The tilt angle of the electron ellipsoids
can be expressed by

¢ = 1 tan~"[2my3/ (mzy — m33)] (1)

where m;; are the components of the effective-mass tensor.

The hole Fermi surface consists of a single ellipsoid of revolution about the trigonal
axis centred at the T points of the reduced Brillouin zone. The projection of the hole and
electron ellipsoids onto the trigonal plane is shown in figure 1. The energy band structure
of Bi at the L and T points of the Brillouin zone is given in figure 2.
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Figure 1. The projections of electron ellipsoids of Bi  Figure 2. Schematic band structure of Bi.
onto the trigonal plane,

Several models have been developed to explain the energy band structure of Bi [10-14].
It is possible that the ellipsoidal non-parabolic (ENP) model also applies successfully to dilute
acceptor-doped Bi.

2.2. The effects of acceptors on the energy band structure of Bi

The major effect of the doping of Bi with Sn or Pb is the lowering of the Fermi level. The
carrier concentrations in the L., Ly and T, bands per pocket will be denoted by n., py and
B, respectively. For the electron band in Bi, in the case of Ep, 33> k7, the expression for
the carrier density per ellipsoid is [15}

ne = (8 2%2 1383 (det m*)\ 232 (E) 2)
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where I'(E) = Eg(l + Er./Eg), detm* = mymym3 — mym2 and
my =ty /rg My = My, /Mp My =t [y my = My, /Mmp.

The excess hole density (A) created by increasing the amount of acceptor added can be
written as

A=P-N=PR+P-N 3)

where N = 3n. and B = 3p;.
The effects of increasing the acceptor density may be summarized for three different
cases [16, 17]:

(i) In acceptor-doped Bi, while the number of electrons in the I, band decreases, the
number of holes in the T, band increases and the Fermi level lowers until an acceptor
concentration of 1.7 x 10** m™ is reached. In this region P, > N and A = B, — N.

(i1) With further addition of Sn {(or Pb), the electrons in the L, band are depleted
totally. However, the T-point hole concentration continues to increase until a concentration
of 2.7 x 10% m~? is reached. The Fermi level is in the energy band gap between the L.
and L, bands. In this region, only the T-point holes contribute to the transport properties
and A = Ph.

(ili) When an acceptor concentration of 2.7 x 10 m™ is reached, the Fermi level
falls below the L, band maximum and holes begin to appear in the Ly band. In this case
the created excess holes are distributed proportionally with the density of states to the L,
and T, valence bands; the only carriers are holes and A = B, + . When Sn or Pb
concentration of 5.0 x 10%* m~? is reached, the density of holes in the L, band of the doped
material becomes equal to that of electrons in the L, band in pure Bi. This excess hole
concentration corresponds to Bi doped with Sn roughly 0.018 at.%. If it is assumed that
the L-point hole band is the mirror image of L.-electron band, the relationships valid for
the L-point electrons may also be used for the L-point holes. However, while Ep for the
L-point electrons is measured upwards from the bottom of the L. band, Ef for the L-point
holes is to be measured downwards from the top of the L, band.

2.3. The periods of guantum oscillations

When ultrasonic waves are propagated through metals at low temperature, the coefficient
of ultrasonic wave attenuation shows oscillation with magnetic field, known as ultrasonic
guantum oscillations (U0QO). The part oscillating with magnetic field of magnetoresistance
at low temperature is known as Shubnikov—de Haas (SdH) oscillations. The period of these
oscillations is simply related to the extremal cross-sectional area of the Fermi surface normal
to the magnetic field. The effect is periodic in reciprocal magnetic field (1/H). The period
of the oscillations for an ellipscidal Fermi surface is given by

A(1/H) = ehi/my(Cy cos® 6 + C; sin% @ + C3cos 8 sin )2, @)
The data have usually been collected in two experimental configurations: with magnetic
field applied in the yz plane (case I) and the xy plane (case II).
In this equation (4) the coefficients C; for the ellipsoid a (case I) are

Cy=my/D Cy=ma/D Cs =2my/D 5
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and for the ellipsoids b and ¢ are
C, =my/D Cy = (3my +my)/D C3 = —my4/D. (6)

Here D = (mymam;s —mlmﬁ)l"(E) and m;; are the components of the effective-mass tensor.
The magnetic field direction (6} is measured from the z axis.
In case II, the coefficients C; for the ellipsoid a are

Ci=ms/D Co=my/D C;=0 ¢
and for the ellipsoids b and c are
C1=(3my +ma)/4D Cy = (m) +3m2)/4D Cy = £/3(my — ma)/2D &)

where the minus sign cormresponds to the pocket b, the plus sign to the pocket c and the
magnetic field direction () is measured from the x axis.
For H|yz plane (case I), the angular dependence of the periods of T, holes is given by

A(1/H) = eh/ Emmoc(C; cos® 8 + Cy sin® 6)1/2 ()
where @ is measured from the z axis. The coefficients C; are
C) = 1/M M, Cy= 1/ M) M; (10

where M;; are the components of the effective-mass tensor of T, holes.

3. Experimental procedures

The single crystals of Bi, Bi-Sn and Bi-Pb were grown by the zone-levelling technique
using 5N purity Bi, Sn and Pb. The rate of motion of the zone was chosen o avoid
a cellular substructure as a result of constitutional supercooling. The orientations of the
single crystals were determined by the Laue x-ray technique and by studying the pattern of
etch pits and slip lines on the cleavage plane, which guided the identification of the bisectrix
and binary axes [18-20]. The error in the orientation of the crystals by this method is within
£0.5°. The samples were prepared from oriented crystals by using a spark cutter and planer
(Servomet SDM). The samples were annealed in the terperature range 200-250°C under
vacuum for one week.

The carrier density and the corresponding atomic percentages of some of the samples
under study were determined by measuring the high-field Hall coefficients at 4.2 K. As
has been noted by some workers [21,22], we too cbserved that the residual resistance ratio
(RRR) exhibits a behaviour that depends on A. This relation between RRR and A can be
used to determine the excess hole density of the sample at 4.2 K. The excess hole density
of the samples was obtained from the analysis of UQO and SdH oscillations as shown in
table 1. These values of A are in reasonable agreement with those obtained from the Hall
coefficient and RRR measurements.

X-cut quartz transducers with fundamental frequency of 10 MHz were used to propagate
and detect the longitudinal ultrasonic waves of frequency 10-70 MHz. The sound
wavevector (g) was chosen along the z axis and y axis, Changes in the ultrasonic attenuation
were detected by a Matec ultrasonic system (model 9000 and 2470). Magnetic fields up to
2.3 T were obtained by an electromagnet (Varian model 3800). The ulirasonic attenuation
and magnetoresistance measurements were made in the temperature range 1.2-4.2 K.
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Table 1. The coefiicients C; obtained from the angular dependences of the oscillation periods.

. Pocket a (and A) Poclkets b, ¢ (and B, C}

Experimental A?

conditions Sample (10¥% o™ C2 Cs Cy Cz Cs

gllz and H||yz Bi 1.143 60.0 12.68 1.56 1425 595
52 3.2e) 0943 88.0 13.05 1.90 2349 1102
83 4.5(e) 1852 1100 2442 133 2761 —1503
R4 6.5(e) 2.382 127.9 2542 2.87 3723 ~3.78
R1 ~15(e)P -5.37 2046 5282  -033 5051 —30.77
Pl ~40(h) —3357 1047 3556
P2 52.1¢h) 1.297 49.3 1043 1.29 1224 -590
P4 79.5(h} 0.275 21.3 378 0.75 513 -1ll14
PTb 141(h) 0.161 36 081

qllz, y and H||xy P4 79.5 0.167 18.87 0 14.19 484 +i6.2°

2 Excess hole density {¢) in the L. band (a, b and c electron pockets), and (h) in the Ly band (A, B and C hole
pockets),

¥ These A values were determined from Hall-coefficient measurements.

¢ The minns sign corresponds to pocket B and the ptus sign corresponds to pocket C.

4. Results and discussion

The effects of increasing Sn concentration on UQO are illustrated in figure 3, The curves in
this figure were obtained under the same experimental conditions. The periods of oscillations
first increase and then decrease with increasing Sn concentration.

The UQO observed in these samples usually give information about the pockets at the
L point of the Brillouin zone. However, the SdH oscillations observed in the resistance
samples cut from the neighbourhood of ultrasonic samples belong to the T, hole pocket.

The periods have been found from Fourier analysis. In most cases the nominal error in
the measured periods is expected to lie within 1-10 at.%.

The excess hole density of R4 was determined as A = 6x 10% m~? from Hall-coefficient
measurements, so its Fermi level is in the L, conduction band. Typical experimental results
for UQO observed in this sample and SdH oscillations observed in sample R4el, which was
prepared from the neighbourhood of R4, are given in figure 4. The anguiar dependences of
the UQO and sdu oscillation periods for the electron pockets (a, b, ¢) and hole pocket of this
sample in the yz plane are shown in figure 5. The periods corresponding to the electron
pockets are larger than those pure Bi.

The excess hole density of sample R1 was determined as A = 1.5 x 10* m~3. The
Fermi level of this sample falls within but near the bottom of the Lc-electron band. An
example of the UQO observed in this sample is given in figure 3.

An example for the UQD observed in sample P2 is shown in figure 3. The Fermi
tevel of this sample falls within the L, band. The angular dependence of the perieds is
shown in figure 6. The theoretical curve passing through the experimental points is defined
by equation (4), which is written for the electron pockets a, b and ¢ at the L point. The
agreement between the theoretical curves and the experimental data shows that the symmetry
of the L-point hole bands is the same as that of L-electron bands. Therefore the hole pockets
at the L point are labelled as A, B and C. In this case. the pocket A corresponds to the
principal hole pocket in the L point. This shows that we could use the ENP model for the
L, valence band as well.

In sample P4, UQO were also observed in the following conditions: (i) gy and
H|xy plane and (ii} qllz and H|[lxy plane. The angular dependences of the periods of
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Figure 3. The effects of increasing Sa concentration on ~ Figure 4, (a) The change in the attenvation coefficient
UQo under the same experimental conditions: 8 = 60°, (Aa) as a function of 1/H: sample R4 (Bi-Sn, A =
gllz, H||yz plane, T == 4.2 K. The scale is different for 6.5 » 10¥ m=%); g||z, H||yz plane, 6 = 145°, f =
each of the curves. 50 MHz, T = 4.2 K. {b) Recorder trace showing
sdd oscillations against 1/H for !||x, H|yz plane:
sample Rdel;  =10°, T=42 K.

A (arb. units)

b

UQO observed in these conditions are shown in figure 7. If can be seen that the L,-hole
pockets have the same symmetry as that of the a and b, ¢ electron pockets of pure Bi in the
xy plane.

The excess hole densities of Pb-doped samples S2 and 83 were calculated from Hall-
coefficient measurements as A = 3 x 10® m™ and A = 4.5 x 102 m™> respectively.
According to these values, the Fermi levels of these samples are in the L, band. A typical
example of UQO that show coniributions from different pockets for samples S2 and S3 is
given in figure 8,

Now, we can discuss the results of this experimental work in detail. The periods of
UQC observed in Bi-Sn samples, for H|yz plane, fall on two different curves (figures 5
and 6). The shape and the symmetry of these curves show that these carrier pockets have
the same properties as the image of the electron pockets of Bi in this plane. Therefore we
propose that there are ellipsoidal hole pockets located at the L point and which are tilted
from the trigonal plane.

The angular dependence of the periods for the principal ellipsoids of the Sn-doped
samples along with that of Bi in the yz plane are shown in figure 9. The samples whose
Fermi level fails in the L. conduction band is compared in figure 9(a). These samples
have periods larger than that of Bi. The oscillation period increases with increasing Sn
concentration. In figure 9(&), the samples whose Fermi level falls in the L, valence band
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Figure 5. Angular dependence of oscillation periods for sample R4 (Bi—Sn) in the yz plane. The
full circles correspond to the experirnental data. The full curves are the best fits of equation (4).
The pockets are specified in each curve. The period values of T hole pecket are obtained from
saH oscillations,
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Figure 6. Angular dependence of oscillation periods for sample P2 (Bi-Sn) in the case ¢z and
H||yz plane. The full curves are the best fits of equation {(4). The L-hole pockets are specified
in each curve,

is compared with pure Bi. The periods of doped samples are smaller than that of Bi; an
exception is sampie PE. Until the Fermi level reaches the mirror symmetry of the Fermi
level of Bi in the L, band (the Fermi level is taken downwards from the top of the L, band),
the L-point hole pockets are smaller than L-point electron pockets of Bi. If the Fermi levels
shift below from the mirror symmetry of Bi in L,-hole band, the cross sections of L-point
hole pockets increase and, therefore, the period values become smailer.

The full curves in figures 5, 6, 7 and 9 are the best fits of equation (4) to the experimenta]
data points. The coefficients C; defining the curves are given in table I for L. electrons and
L, holes. The measured periods and those calculated by using the parameters C; are within
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Figure 7. Apngular dependence of oscillation perods for sample P4 (Bi-Sm) in the case
H||xy plane. The full triangles are for g|lz, which was obtained by Fourier analysis, and the
full circles are for g||y, which was obtained with linear regression, The pockets are specified in
each curve,

0.2 H(T) 2
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Figure 8. Comparison of the ugo obtained in samples 52 (Bi-Pb, &4 = 3 x 16°% m™?) and
S3 (Bi-Pb, A = 4.5 x 102} m~>) under the same experimental conditions: & = 140°, gz,
H ||yz plane, T = 4.2 K. The scale is different for the two curves.

5

+3% in most of the orientations. The effective masses {in units of mg) for the principal
ellipsoid in the crystal axis system and the value of ['(E) have been obtaiped from the
parameters C; using equation (5) by successive approximation with an accuracy of 0.1%.
The Fermi energy is calculated assuming that the energy gap does not vary with doping,
i.e. Eg = 13.6 meV. The results are given in table 2.

The sdA oscillations observed in sample R4 originate mainly from the T holes. The
period of these oscillations is compared with T holes of Bi in figure 10. The components
of the effective-mass tensor of T holes are obtained as My, = M, = 0.0524 and M5 = 0.51.
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Figure 9. Concentration and angular dependence of the oscillation periods for the principat
ellipsoid of Sn-doped Bi sarnples in the yz plane of (a) samples whose Fermi level falls within
the L, band (squares correspond to sample R1, diamonds to sample R4, circles to pure Bi) and
(&) samples whose Fermi level falls within the L, band (crosses correspond to sample P1, circles
to pure Bi, triangles to sample P2, squares to sample P4, diamonds to sampie P7b).

The Fermi energy of T holes (Ew,) is obtained as 22.8 meV from SdH oscillations data. The
Fermi energy of electrons (Er.) in R4 is obtained as 15.8 meV from UQO data (table 2).
The value Eg, calculated from this value is 22.6 meV. These results obtained from different
techniques are in reasonable agreement.

The carrier densities in the L-point electron pockets and the L-point hole pockets (N,
and Fy) are calcufated by using the values of m; and ['(E) in equation (2). The results
are summarized in table 2. The excess hole densities (A) in the samples are calculated
considering the discussion in section 2.2. The values of N, P and A are also given in
table 2. The Fermi energies in the last column of table 2 are measured from the bottom of
the L band. The dependence of the Fermi energy on the excess hole density is calculated
using the effective-mass components of Bi (table 2). The results are represented by the full
curve in figure 11. The band structure of Bi is also shown schematically on the same figure.
The values of A and Er (table 2) are alsc shown in figure 11. The data obtained for the
present samples are in reasonable agreement with the rigid-band model.

The tilt angle (@) of the ellipsoids calculated from equation (1) using the effective-mass
tensor are presented in table 2. The variations in the tilt angle are within the experimental
error of crystal orientation; the tilt angle in the acceptor-doped samples are close to that in
pure Bi.

5. Conclusions

The T-hole pocket has a rather larger volume than those at the L point. Therefore, the effect
of the excess hole density created by acceptor doping on the T, band is smaller than the
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Figure 10. Comparison of the angular dependence of the sdar oscillation periods belonging to
T holes of sample R4 (Bi-Sn) and pure Bi in the yz plane. The full curves are the best fits of

ok

equation (9}.
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Figure 11. The variation of Fermi energy with excess hole density (A). The full curve was
obtained using the data for Bi. The band structure of Bi is shown schematically on the same
figure. The Fermi energy is measured from the bottorn of the L, band.

effect created on the L bands. On the other hand, when the dependence of magnetoresistance
on magnetic field was investigated, it was seen that magnetoresistance saturates at 4,2 K, i.e.
becomes independent of magnetic field, and the field value at which the magnetoresistance
saturates decreases with increasing A. In the region where the magnetoresistance saturates,
SdH oscillations disappear. Therefore the SdH studies were confined in a region about the
z axis. Consequently, it was difficult to enquire about the L-point bands from the SdH
oscillations. The 8dH oscillations originate mainly from the T-hole pocket. However, the
UQO provide information mainly about the L bands; thus the geometry of the L-point bands
has been investigated in detail. The experimental results show that the ENP model that is
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valid for the L -electron band of Bi can also be applied to the L,-hole band. In particular,
the resulis obtained on sample P4 support the suggestion that the L bands are the mirror
image of each other. Consequently, if the Fermi energy is measured downwards from the
top of the L, band, the relations written for electrons can also be used for the L-point holes.
Giura et al [8,9] observed magnetoacoustic oscillations in a single crystal of Bi doped with
Sn at a concentration of 4.5 x 102* m™3. They proposed that this concentration corresponds
to the band gap in the L point and that the oscillations cbserved originate from a new hele
band created in the energy gap. However, the results of present UQO measurements made on
three samples with different Sn concentrations, for which the Fermi level is in the L, band,
did not show evidence for the presence of a hole pocket in the band gap. The present results
show that the Fermi surfaces of acceptor-doped bismuth crystals are similar to those of pure
Bi and, depending on the dopant concentration, these pockets are altered isotropically.
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